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This paper investigates two-dimensional periodic lattices as a means to induce strongly directional stress
wave propagation in solids in the low-frequency broadband regime. The real 2D structure of the lattice is
considered as opposed to traditional truss-like approaches, allowing the characterization of the system
seamlessly between the extremes of grid-like systems, porous systems, and a continuum material. Wave
directionality in structural lattices is associated to their effective anisotropic mechanical properties.
When the wavelength of deformation is larger than the representative unit cell, the system behaves as
an equivalent medium with orthotropic properties that are correlated to the lattice skewness and void
volume fraction. Polar plots of wave velocities, computed through the application of Bloch’s theorem,
provide insights into the effective anisotropy and wave directionality (or ‘‘steering’’) of the structure.
Such directional response is also correlated to the stiffness properties of an equivalent medium by means
of proper homogenization techniques. The effects of the resulting anisotropy on wave propagation are
also illustrated through wave propagation simulations for problems involving both harmonic excitations
and impulsive loads.
 2013 Elsevier Ltd. All rights reserved.1. Introduction
Lattice materials consist of the assembly of interconnected
cells with solid edges or faces. Materials such as cork and wood
are common examples of natural lattices, while metallic honey-
combs, trusses, and polymeric foams belong to a wide class of
engineered materials speciﬁcally designed to exploit the unique
properties offered by cellular solids. Extensive studies were con-
ducted by Christensen (1986); Kumar and McDowell (2004);
Spadoni and Ruzzene (2012); and Gibson and Ashby (1997) to
derive equivalent material properties for describing the global
response of lattices without requiring detailed models of their
complex microstructures. In this regard, it is noteworthy that
certain lattice conﬁgurations, such as square or non-regular hex-
agonal honeycombs, feature equivalent anisotropic properties
even if their constitutive cells are made of isotropic materials
(Gibson and Ashby, 1997). Other unique features are exploited
for the design of structural elements with extreme effective
properties such as auxetic or negative Poisson’s ratio characteris-
tics (Evans, 1991; Scarpa and Tomlinson, 2000). The dynamic re-
sponse of periodic lattices is also rich of interesting wave
phenomena such as bandgaps or wave directionality which sug-ll rights reserved.
asadei@seas.harvard.edu (F.gest lattice conﬁgurations for the design of superior phononic
crystals or acoustic metamaterials (Spadoni et al., 2009).
The equivalent mechanical properties of lattices are strongly
topology-dependent. Topologies can be selected for lattices to
achieve unusual and often extreme mechanical properties, which
can lead to interesting wave propagation phenomena. In the
high-frequency range, i.e. when the wavelength of deformation
is of the order of the unit cell, bandgaps and wave directionality
have been investigated for wave management and control appli-
cations (Nolde et al., 2011). For instance, Phani et al. (2006)
investigated bandgap and wave directionality in hexagonal,
square and triangular honeycombs, (Gonella and Ruzzene,
2008a,b) characterized the wave properties of hexagonal and
re-entrant lattices with auxetic properties, while Spadoni et al.
(2009) studied the phononic properties of hexagonal chiral lat-
tices. These studies show that the effectiveness of bandgap
materials is restricted to speciﬁc frequency ranges thus limiting
the applicability of the concept for the attenuation of waves
resulting from broadband events such as blasts and high velocity
impacts. While much of the literature on periodic or heteroge-
neous systems mostly focuses on the transmission of waves,
and on their guiding through bandgaps, relatively little attention
is devoted to their redirection through material anisotropy. Such
anisotropy can be the result of equivalent properties of the med-
ium which are achieved through composite material designs
(Amirkhizi et al., 2010; Le et al., 2012), or through the proper
selection of the microstructure.
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generate strongly directional wave behaviors through proper
arrangement of the material distribution at the unit cell level.
In particular, the wave propagation properties of skew (rhombic)
lattices are investigated under the assumption that characteris-
tics wavelengths are larger than the unit cell size, so that the
internal dynamics of the unit cell does not inﬂuence the perfor-
mance of the system that is observed over broad frequency
ranges. The resulting anisotropy, and the associated directional
wave properties are investigated for lattice conﬁgurations mod-
eled as two-dimensional (non-truss) systems in order to analyze
the inﬂuence of both the cell’s skewness and volume fraction.
Speciﬁc attention is given to the behavior of the ﬁrst two
wave modes that characterize the global dynamic response of
the system, and can be interpreted as equivalent longitudinal
and shear modes that propagate in a homogenized anisotropic
medium (Gonella and Ruzzene, 2008a; Spadoni et al., 2009).
Contrary to monolithic materials or traditional composite lay-
ups, such anisotropy is correlated here to the geometrical
parameters of the unit cell, and can be controlled by the lattice’s
topology.
Wave motion without attenuation is investigated through the
ﬁnite element (FE) description of the unit cell and application of
Bloch’s theorem (Bloch, 1928). This leads to the dispersion rela-
tions of the lattice, which fully characterize its wave properties
in terms of frequency/wavenumber relations, equivalent constitu-
tive behavior at long wavelengths, as well as wave velocities and
their dependence on direction of propagation (directionality)
(Gonella and Ruzzene, 2008a; Spadoni et al., 2009). Parametric
studies illustrate the wave steering effects associated to the cell’s
skewness and show how the lattice volume fraction provides a
means to seamlessly transition between topologies with different de-
grees of anisotropy. Finally, transient simulations of wave propaga-
tion for problems involving harmonic excitations and impulsive
loads are used to corroborate the concepts predicted by the unit
cell approach.
This paper is organized in ﬁve sections including this intro-
duction. Section 2 describes the speciﬁc lattice under investiga-
tion, and a set of periodicity conditions is developed in order
to study the considered two-dimensional conﬁguration within
the framework of Bloch’s theory. Section 3 illustrates the direc-
tional wave properties associated to different lattice’s topologies
and exploits homogenization analysis to describe the structure’s
behavior in terms of equivalent material properties. Transient
simulations of wave propagation for ﬁnite assemblies are pre-
sented in Section 4 to show the effects of anisotropy on wave
directionality. Finally, conclusions and critical comments are
summarized in Section 5.Fig. 1. Skew periodic lattice (a),2. Wave propagation in skew periodic lattices
2.1. Lattice conﬁguration
As shown in Fig. 1, the considered periodic geometry is gener-
ated through the tessellation of a fundamental unit cell along
directions speciﬁed by the lattice vectors e1 and e2 deﬁned as:
e1 ¼ L=2 aL=2½ T and e2 ¼ L=2 aL=2½ T ð1Þ
In the present notation, lower case bold letters denote vectors,
while upper case bold letters are used for matrices. In Eq. (1), L de-
notes the width of the unit cell and a is the ratio of the cell’s height
to its width. The cell conﬁguration is further deﬁned by the volume
fraction
Vf ¼ 1 4a2 þ 1
b
L
 2
that deﬁnes the material-to-void ratio of the cell. For instance, as
Vf ! 0 the ligaments of the lattice become slender, while for
Vf ! 1 the lattice tend to degenerate into a uniform solid. This
parameter allows considering the actual two-dimensional nature of
the lattice, and differentiates this analysis from previous works
(Phani et al., 2006; Gonella and Ruzzene, 2008a; Spadoni et al.,
2009) based on a truss-like description of the system.
2.2. Unit cell analysis: Bloch’s theorem
The propagation of elastic waves in periodic systems is conve-
niently described through the Bloch’s formalism (Bloch, 1928),
brieﬂy summarized in what follows. Given a set of lattice vectors
ðe1; e2Þ that generate the periodic pattern, the position vector rp
of any point within a generic cell ðn1; n2Þ can be expressed as:
rp ¼ rp0 þ n1e1 þ n2e2 ð2Þ
where rp0 is the position of the corresponding point in the reference
cell, and n1; n2 are integer numbers. According to Bloch’s theorem
the displacement of a generic point rp can be expressed in terms
of the displacement of the reference unit cell:
uðrpÞ ¼ uðrp0Þeikðrprp0Þ ð3Þ
where:
uðrp0Þ ¼ u0 eiðxtkrp0Þ ð4Þ
In Eq. (4), i ¼
ﬃﬃﬃﬃﬃﬃﬃ
1
p
denotes the imaginary unit,x is the frequency of
wave propagation (rad/s), and k is the wave vector. Substituting Eq.
(2) into Eq. (3) gives:and associated unit cell (b).
Fig. 2. Finite element discretization of the unit cell with associated partition of degrees of freedom (a), and detail of quadratic triangular element (b).
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where li ¼ k  ei with i ¼ 1;2. Eq. (5) states that in a periodic system
the change in amplitude that a wave experiences as it propagates
from one cell to another does not depend on the speciﬁc location
of the cell within the system, and thus the analysis can be restricted
to the reference unit cell. More details on the applications of Bloch’s
theorem to periodic lattices can be found in the works by Phani
et al. (2006); Gonella and Ruzzene (2008a); Spadoni et al. (2009).
2.3. Finite element analysis of free wave motion
The dynamic behavior of a cell is studied with the ﬁnite element
(FE) method. The structure is modeled using quadratic plane-stress
triangular elements with nodal degrees of freedom deﬁned by the
in-plane displacement components u and v as shown in Fig. 2b.
Through standard FE procedures (Cook et al., 2002), the element
matrices are assembled to form the global cell mass and stiffness
matrices denoted M and K respectively. If the structure undergoes
harmonic motion at frequency x, the generalized forces f and dis-
placements u are related through the dynamic stiffness matrix of
the cell:
K x2M u ¼ f ð6Þ
The following set of periodic boundary conditions has been devel-
oped to relate the generalized displacements and forces on the ac-
tual two-dimensional boundaries of the unit cell:
uRT ¼ el1 uLB; uLT ¼ el2uRB; uRC ¼ el1 uBB
uLC ¼ el2 uBB; uRR ¼ el1l2 uLL ð7Þ
and
f RT ¼ el1 f LB; f LT ¼ el2 f RB; f RC ¼ el1 f BB
f LC ¼ el2 f BB; f RR ¼ el1l2 uLL; f II ¼ 0 ð8ÞFig. 3. Deﬁnition of the First Brillouin Zone for different values of the angwhere subscripts L;R;B; T;C; I are used to denote left, right, bottom,
top, corner, and internal nodes respectively (see Fig. 2a). As de-
scribed in Phani et al. (2006), Eqs. (7) and (8) are used to recast
Eq. (6) into an equivalent eigenvalue problem as:
K rðl1;l2Þ x2Mrðl1;l2Þ
 
ur ¼ 0 ð9Þ
where K r , andMr are the stiffness and mass matrices corresponding
to the reduced state vector ur . Eq. (9) is solved by imposing the two
components of the wave vector and solving for the corresponding
frequency of wave propagationx ¼ xðl1;l2Þ. A compact represen-
tation of the dispersion relations is obtained by varying the wave
vector along the contour of the First Brillouin Zone (FBZ) (Brillouin,
1946). The boundaries of the FBZ are found by the same method
used to determine the Wigner–Seitz cell in a Bravais lattice (Wigner
and Seitz, 1933). The relevant wavenumber points of the considered
cell are deﬁned in Fig. 3 for different values of the skewness param-
eter a.
The complete solutionx ¼ xðl1;l2Þ deﬁnes the dispersion sur-
faces of the medium, and allows to fully characterize the wave
propagation properties of the lattice. For instance, preferential
directions of wave propagation can be computed from selected
iso-frequency contours of the phase constant surfaces (Phani
et al., 2006; Ruzzene et al., 2003), and through the analysis of wave
velocity diagrams (Spadoni et al., 2009). Under the long wave-
length assumption, the anisotropic behavior of the system is re-
lated to the angular variation of the phase speed cpðk;xÞ ¼
x=jv . For isotropic materials, in fact, the phase speed is uniform
along the entire angular range, while anisotropic media feature
spatial directions of higher wave velocities. Important indications
regarding the energy ﬂow associated with the propagation of wave
packets within the lattice are provided by the group velocity
cgðk;xÞ ¼ @x@j1 i1 þ @x@j2 i2. Additional information on the dispersive
nature of the structure, can also be highlighted from discrepancies
between phase speed and group velocity. Such dissimilarities canle a. The shaded regions indicate the corresponding irreducible parts.
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different directions. In the following section, dispersion surfaces
and wave velocities are computed for different unit cell conﬁgura-
tions in order to correlate the effective anisotropic and directional
characteristics of the system to the lattice’s topology.3. Anisotropy and wave directionality of skew lattices
The unit cell considered in this study features side length
L = 1.0 mm, and analysis are conducted for different values of the
skewness ratio a, and volume fraction Vf . The ligaments of the lat-
tice are made of aluminum (E = 71 GPa, m = 0.3, and
q ¼ 2700 kg=m3) that can be considered as a candidate material
for the future preparation of experimental samples of the proposed
conﬁgurations. A plane state of stress is assumed in the computa-
tional domain.
3.1. Dispersion relations
Band diagrams provide a compact representation of the disper-
sion characteristics of several mode branches. The band structure
of the considered cell with a ¼ 1:0 and a ¼ 2:0 are shown in
Fig. 4. The two lowest modes are characterized by a linear fre-
quency/wavenumber relation for a wide range of frequencies that
deﬁnes the low-frequency/long wavelength approximation region.
This is a common feature of most cellular structures, that indicatesFig. 4. Band diagrams of the lattice (Vf ¼ 0:33) with a ¼ 1:0 (a), and a ¼ 2:0 (b). The shad
cell.
Fig. 5. Iso-frequency contours of the ﬁrst dispersion surface (S-modea non-dispersive behavior whereby phase and group velocity coin-
cide, and it is often used as the basis for the quasi-static approxi-
mation of their equivalent mechanical properties (Gonella and
Ruzzene, 2008b; Phani et al., 2006). Due to its effective anisotropic
nature, the considered lattice topology features a strongly directional
behavior in the low-frequency range that is not fully captured by the
usual band diagram representation.
Further insights regarding the spatial variation of the wave
propagation properties of the lattice are given by iso-frequency
contours of the dispersion surfaces of the ﬁrst two modes shown
in Figs. 5 and 6. In analogy with the behavior of homogeneous sol-
ids, the ﬁrst mode is denoted as shear or S-mode, while the second
mode is called longitudinal or L-mode. The double symmetry of the
lattice is reﬂected in the symmetry of the dispersion surfaces, thus
only the ð0;pÞ region is shown. The contour of the ﬁrst mode, illus-
trated in Fig. 5, presents two lobes clearly visible at low frequen-
cies and oriented along the reciprocal basis vectors. This feature
does not change qualitatively with the skewness angle, and indi-
cate that waves propagate at different speeds in different direc-
tions. Similarly, the second wave mode is also characterized by a
directional behavior at low frequencies as illustrated in Fig. 6. A
schematic representation of the unit cell for the considered values
of the skew parameter is shown in Fig. 7.
The effect of the volume fraction on the dispersion relations of
the shear and longitudinal modes is shown in Figs. 9 and 10,
respectively. The corresponding unit cells are illustrated, for theed region indicates the low-frequency region with wavelengths larger than the unit
) for different values of the skewness parameter and Vf ¼ 0:33.
Fig. 6. Iso-frequency contours of the second dispersion surface (L-mode) for different values of the skewness parameter and Vf ¼ 0:33.
Fig. 7. Schematic representation of the unit cell with Vf ¼ 0:33 for different values of the skew parameter: a ¼ 0:5 (a), a ¼ 1:0 (b), and a ¼ 2:0 (c).
Fig. 8. Schematic representation of the unit cell with a ¼ 1:0 for different values of the void volume fraction: Vf ¼ 0:33 (a), Vf ¼ 0:66 (b), and Vf ¼ 0:99 (c).
Fig. 9. Iso-frequency contours of the ﬁrst dispersion surface (S-mode) for different values of the volume fraction and a=1.0.
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tends to zero (Vf ! 0) the ligaments of the unit cell become
slender, and the lattice is characterized by increasing anisotropyat low frequencies as testiﬁed by the pronounced lobed shape of
the contour lines shown in Fig. 9a. For increasing values of Vf
the thickness of the ligaments increases and at the limit when
Fig. 10. Iso-frequency contours of the second dispersion surface (L-mode) for different values of the volume fraction and a=1.0.
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conﬁrmed by results shown in Figs. 9c and 10c that show how
the contour lines tend to a circular shape indicating that waves
propagate with the same speed in all directions as typical of
homogeneous isotropic media.
3.2. Analysis of wave velocities
As discussed in the previous section, the usual band diagram
representation does not provide a complete description of the
anisotropic behavior of the system under investigation, highlight-
ing the need for considering the dispersion surfaces. Here, the
effective anisotropic nature of the considered lattices is shown in
a more compact representation in terms of phase speed and group
velocity diagrams. Figs. 11a and 12a show the variation of the
phase speeds of the ﬁrst two wave modes for increasing values
of the lattice volume fraction Vf . In particular Fig. 11a shows that
the S-mode propagates faster in the 0–90 (deg) directions while
the minima are located at 45 (deg) that for the considered conﬁg-
uration coincide with the directions identiﬁed by the direct lattice
vectors. As shown in Fig. 12a, the longitudinal mode is character-
ized by higher phase speeds along the lattice directions while min-
ima are located at 0–90 (deg) where the equivalent material-to-
void fraction is lower. As the volume fraction increases, both
Figs. 11a and 12a illustrate how the polar plots of wave velocities
tend to a circular shape that represents the limit condition of solid
isotropic media in which elastic waves propagate with the same
speed in every spatial direction. This indicates that the equivalent
lattice anisotropy reduces as the area of the voids is reduced, andFig. 11. Phase speed (a), and group velocity (b) of the ﬁrst mode of the considered latti
Vf ¼ 0:66 (thick dashed line), and Vf ¼ 0:99 (thin solid line).conﬁrms the physical intuition that the lattice tends to behave as
a homogeneous material at the Vf ! 1 limit. The same trend is ob-
served also in Figs. 11b and 12b in terms of group velocity
diagrams.
The group velocity of the S-mode, illustrated in Fig. 11b, is char-
acterized by a complex behavior with pronounced caustic lobes
(cusps, or folds, in the group velocity distribution) typical of aniso-
tropic media (Wolfe, 1998). Such lobes, oriented in the directions
of maximum phase speed, identify focusing of energy along prefer-
ential directions (Spadoni et al., 2009), and are related to elastic
anisotropy of the medium (Taylor et al., 1969; Taylor et al., 1971;
Maris, 1971). Fig. 11b also shows that caustic lobes become less
relevant for increasing values of the volume fraction revealing
the increasingly isotropic behavior of the media. Group velocity
curves for the L-mode, shown in Fig. 12b, are characterized by a
rounded square shape indicating that preferential wave paths are
oriented at 45 (deg) along the directions of the lattice vectors.
Analysis of phase speed and group velocity for different values of
the skewness parameter a are shown in Figs. 13 and 14. Because
of the lattice’s symmetry, conﬁgurations corresponding to a < 1
can be obtained by a rigid 90 (deg) rotation of lattices with
a > 1, and therefore are not explicitly considered in this analysis.
For increasing values of the skewness parameter, results indicate
that the rotational symmetry of the phase curves is no longer pre-
served, as a consequence of the fact that also the geometrical sym-
metry of the cell has changed. In particular, the phase speeds of
both the shear and longitudinal modes become more pronounced
in the direction of the largest cell’s side with minima of the
S-mode and maxima of the L-mode aligned with the lattice vectors.ce (a ¼ 1:0) for different values of the volume fraction: Vf ¼ 0:33 (thick solid line),
Fig. 12. Phase speed (a), and group velocity (b) of the second mode of the considered lattice (a ¼ 1:0) for different values of the volume fraction: Vf ¼ 0:33 (thick solid line),
Vf ¼ 0:66 (thick dashed line), and Vf ¼ 0:99 (thin solid line).
Fig. 13. Phase speed (a), and group velocity (b) of the ﬁrst mode of the considered lattice (Vf ¼ 0:33) for different values of the skewness ratio: a ¼ 1:5 (thick solid line),
a ¼ 2:0 (thick dashed line), and a ¼ 3:0 (thin solid line).
Fig. 14. Phase speed (a), and group velocity (b) of the second mode of the considered lattice (Vf ¼ 0:33) for different values of the skewness ratio: a ¼ 1:5 (thick solid line),
a ¼ 2:0 (thick dashed line), and a ¼ 3:0 (thin solid line).
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velocities. Of particular interest is the behavior of the group veloc-
ity of the L-mode, shown in Fig. 14b, that clearly shows how the
energy ﬂow in highly skewed grids is mostly focused along the
stretching direction of the cell with less difference between the
directions identiﬁed by the two lattice’s ligaments. A direct com-
parison between the phase and group velocities allows to observe
interesting features regarding the effects of anisotropy on the dis-
persive characteristics of the considered lattice. Figs. 11 and 12
show that for small values of the volume fraction the phase
speed and group velocity curves are different, and suggest that
the considered conﬁguration behaves as a dispersive media inthe low frequency/long wavelength regime. However it is possi-
ble to identify preferential directions along which the two wave
velocities coincide. A combined representation of phase and
group velocities for different values of the skewness parameter
is shown in Fig. 15. Results indicate that this kind of structural
lattice behaves as an equivalent non dispersive media along
directions identiﬁed by the direct lattice vectors and along the
basis vectors of the cartesian reference system. Although these
are not the only angular positions at which the two velocities
coincide, it is interesting to observe how these lines identify lo-
cal maxima and minima of the material-to-void ratio of the cell,
and remain constant for different cell’s conﬁgurations. Although
Fig. 15. Comparison between the phase speed (thin dashed line) and group velocity (thick solid line) of the S-mode for different skewness angles (Vf ¼ 0:33).
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this paper, such phenomenon has been observed for all the con-
sidered values of a and Vf . Results shown in Figs. 11 and 12
show that the phase and group velocity curves tend to
coincide as the volume fraction increases, and suggest a non dis-
persive behavior in every direction as for homogeneous isotropic
solids.
3.3. Lattice’s anisotropy index
The degree of anisotropy that characterizes a speciﬁc lattice
conﬁguration is quantiﬁed by means of a single non dimensional
anisotropy index (AI) deﬁned as:
AI ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃZ 2p
0
vpðhÞ  vp
vp
 2
dh
s
ð10Þ
where vpðhÞ denotes the magnitude of the phase speed of a speciﬁc
wave mode along the radial direction h, and vp represents its aver-
age value given by:
vp ¼ 12p
Z 2p
0
vpðhÞdh ð11Þ
The AI proposed in Eq. (10) represents the standard deviation of
the phase velocity normalized by its mean value. This non dimen-
sional quantity measures the deviation of vp from the isotropic
case for which vp ¼ constant and therefore AI = 0. Note that the
proposed AI is solely based on the phase velocity diagrams and
therefore can be applied to general anisotropic materials without
restrictions on the speciﬁc material symmetries. Results shown in
Fig. 16 illustrate the parametric variation of AI as a function ofFig. 16. Variation of the lattice’s anisotropy index with respect to the volume fraction Vf ,
and longitudinal mode (b).both the stretching parameter a and volume fraction Vf . Speciﬁ-
cally, Fig. 16a shows results obtained for the shear mode, while
results shown in Fig. 16b are computed based on the phase speed
of the longitudinal wave mode. It is interesting to observe how
the S-mode features a maximum AI for low values of a while
the maximum AI of the L-mode occurs for highly stretched lat-
tices. Both Figs. 16a and b show that the AI tend to zero as
Vf ! 1, that is when the lattice degenerates in a uniform isotro-
pic solid. A sliced view of such results for a ﬁxed value of a,
shown in Fig. 17, allows to better visualize the relative difference
between the AI associated to the two wave modes. Of particular
interest is the possibility of designing lattice conﬁgurations with ex-
tremely different wave behaviors. For instance, Fig. 17b shows that
for Vf  0:7 the shear mode (dashed line) features almost an iso-
tropic behavior (AI = 0), while the longitudinal mode (solid line)
is characterized by a relevant degree of anisotropy, as also con-
ﬁrmed by the phase velocity diagrams superimposed to
Fig. 17b. Even if the AI diagrams introduced in this section do
not uniquely describe the directional wave properties of a speciﬁc
conﬁguration, they provide a valuable tool for easily identifying
combinations of parameters with interesting behaviors.
3.4. Effective material description of the lattice behavior
In this section, the averaging procedure proposed by Gonella
and Ruzzene (2008a) is employed to derive a set of homogenized
material properties that provide an equivalent description of the
lattice’s behavior in terms of the two-dimensional elasticity
equations:
$  ½C  ð$T  uÞ ¼ q@2ttu ð12Þand stretching parameter a. Results are computed both for the shear wave mode (a),
Fig. 17. Variation of the lattice’s anisotropy index with respect to the volume fraction Vf , for selected values of a. Results are computed both for the shear wave mode (dashed
line), and longitudinal mode (solid line).
Fig. 18. Comparison between the wave velocities of a lattice with a ¼ 1, Vf ¼ 0:66 (solid lines) and analytical results (markers) for a solid medium with C11 ¼ C22 ¼ 43:6 GPa,
C12 ¼ 23:0 GPa, and C66 ¼ 22:1 GPa.
Fig. 19. Comparison between the wave velocities of a lattice with a ¼ 2, Vf ¼ 0:22 (solid lines) and analytical results (markers) for a solid medium with C11 ¼ 1:32 GPa,
C22 ¼ 18:56 GPa, C12 ¼ 4:36 GPa, and C66 ¼ 4:54 GPa.
1410 F. Casadei, J.J. Rimoli / International Journal of Solids and Structures 50 (2013) 1402–1414In Eq. (12), u ¼ ðu; vÞT denotes the displacement vector,
C ¼ Cij ði; j ¼ 1;2;6Þ is the effective material stiffness tensor, and q
is the equivalent density of the material. The resulting properties are
used to analytically calculate the wave velocities that characterize the
homogenized solid (Achenbach, 1984), and results are compared with
the proposed unit cell methodology. For instance, Fig. 18 shows the
excellent agreement between the phase and group velocities of a lattice
with a ¼ 1, Vf ¼ 0:66 computed with the two approaches. This shows
the analogy between the dynamic behavior of orthotropic solids andperiodic lattices, corroborating the interpretation of an effective mate-
rial description of the latter at long-wavelengths.
In the case of very slender structures, the lattice’s ligaments can
be modeled using two-dimensional Euler–Bernoulli beam ele-
ments. In this case, the procedure proposed by Gonella and Ruz-
zene (2008a) can be implemented symbolically in order to derive
explicit expressions of the effective material coefﬁcients as a func-
tion of the topology parameters. For the skew lattice conﬁguration
considered herein they are given by:
F. Casadei, J.J. Rimoli / International Journal of Solids and Structures 50 (2013) 1402–1414 1411C11 ¼
b a2 b2 þ 1	 

a a2 þ 1ð Þ E0 C22 ¼
ab a2 þ b2	 

a2 þ 1 E0
C12 ¼ 
ab b2  1	 

a2 þ 1 E0 C66 ¼
ab
a2 þ 1 E0
ð13Þ
where b is the ratio between the width and length of each ligament,
and E0 is the elastic modulus of the lattice’s material. The effective
density of the structure q ¼ qbða2 þ 1Þ=a is also obtained with the
same procedure. Note that the material coefﬁcients reﬂect the sym-
metry of the considered conﬁguration whereby the terms
C16 ¼ C26 ¼ 0. Also, in the special case in which a ¼ 1 the additional
rotational symmetry implies that C11 ¼ C22, as shown in Eq. (13).
The directional wave properties of a slender lattice are illustrated
in Fig. 19 using both the unit cell method and the homogenized
coefﬁcients given by Eq. (13).4. Transient response of ﬁnite lattices
In this section, the effects of anisotropy on wave propagation
are illustrated by means of transient simulations for problems
involving narrowband excitations and impulsive (broadband)
loads.
4.1. Response to narrowband excitation
Results predicted by the unit cell analysis are veriﬁed by com-
puting the time response of 2D grids of ﬁnite size. The structures
are composed of 25 cells in the x-direction and a variable numberFig. 20. Nodal forces considered in the FE model. Spatial arra
Fig. 21. Magnitude of the response (normalized units) for different valuesof cells in the y-direction, depending on the skewness ratio, in or-
der to obtain approximately square conﬁgurations. The lattices are
excited by a narrowband 10-cycle tone burst signal centered at a
frequency of 100 kHz as shown in Fig. 20b. The frequency spectrum
of the load in entirely conﬁned in the low-frequency region where
the considered lattices behave as effective anisotropic media. Four
forces directed along the cartesian axis are simultaneously applied
at the nodal points of the central cell in order to uniformly excite
the system in all directions (see Fig. 20a).
The response of various unit cells are evaluated by integrating
the dynamic equations of motion with a time marching scheme
of the Newmark family (Newmark, 1959) using displacement-free
boundary conditions at the edges of the computational domain.
Results are presented in terms of snapshots of the displacement
ﬁeld captured before observing reﬂections from the boundaries.
Without any loss of generality, this allows to ignore the effects of
the speciﬁc boundary conditions used in the model and to compare
the mechanical response of ﬁnite periodic lattices with the predic-
tions of the unit cell method. The magnitude of the computed dis-
placements, normalized by the maximum amplitude, is shown in
Fig. 21 for cells with different values of the volume fraction. Results
for small values of Vf (see Fig. 21a) highlight wave patterns highly
steered along the directions identiﬁed by the lattice vectors.
Figs. 21b and 21c show that this property is gradually lost as the
volume fraction increases, thus conﬁrming the predictions based
on the unit cell approach. Fig. 22 illustrates the steering directions
of wave propagating in grids with different skewness ratios. As
predicted by the theory of 2D periodic structures, waves are fo-
cused along the stretching direction of the lattice.ngement (a), and time variation of the applied loads (b).
of the volume fraction: Vf ¼ 0:33 (a), Vf ¼ 0:66 (b), and Vf ¼ 0:99 (c).
Fig. 22. Magnitude of the response (normalized units) for different values of the skewness angle: (a) a ¼ 1:5, (b) a ¼ 2:0, and (c) a ¼ 3:0.
Fig. 23. Band diagrams of the considered cell showing the long-wavelength region (a), and time/frequency variations of the applied impulsive load (b).
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This section presents the response of a lattice with a ¼ 1:0 , and
Vf ¼ 0:66 to an impulsive load with broadband frequency content.
Simulations are conducted with a fully nonlinear FE model in order
to capture the nonlinear wave behavior that may locally develop in
the region close to the place of application of the external load. The
time and frequency variations of the forces applied on the lattice
are illustrated in Fig. 23b. Such load has a broadband spectrum that
falls within the long wave range where the lattice under consider-
ation features a strongly anisotropic behavior (Fig. 23a). In the ﬁ-
nite element model, the load is evenly distributed among the six
central nodes on the left side of the analysis domain. Simulations
are performed using a ﬁnite element computational framework
based on a Lagrangian ﬁnite deformation formulation of the equa-
tions of motion (Marsden et al., xxxx). The spatial discretization of
the specimen geometry utilizes 3-node triangular elements. The
mesh used for the analysis of the lattice comprises 49,152 ele-
ments. Time integration is performed with the explicit, second or-
der accurate, central-difference scheme, which falls within the
Newmark family of time stepping algorithms. The response of
the material is assumed to be hyperelastic with strain energy den-
sity W given by:
WðFÞ ¼ 1
2
kðlogðdet FÞÞ2  l logðdet FÞ þ 1
2
lðtrðFTFÞ  3:0Þ ð14Þ
where F is the deformation gradient and l and k are the elastic
Lame’s constants.
A special challenge for this problem is how to visualize, in a sep-
arate manner, the propagation of longitudinal and shear wavesover the lattice. To this end, we make use of the Helmholtz decom-
position of the velocity ﬁeld u in terms of the L-wave scalar poten-
tial u and S-wave vector potential w, that is, u ¼ ruþr w.
Consequently, if we consider the divergence of the velocity ﬁeld,
it becomes r  u ¼ r2u. In this expression, the dependence on w
is dropped, thus containing only information about the L-waves.
On the other hand, the rotor of the velocity ﬁeld becomes
r u ¼ r2w, dropping the dependence on u, thus containing
only information about the S-waves.
The response of the lattice to the impulsive load is depicted
in Figs. 24 and 25. In Fig. 24, colors represent the magnitude
of the rotor of the computed velocity ﬁeld for evolving time
steps. Results indicate the onset of a complex wave front that
closely matches the group velocity pattern of the shear wave
mode of the considered lattice (see thick-dashed line in
Fig. 11b). One of the remarkable effects of anisotropy on shear
waves is the appearance of folds (triplications) in wave fronts
clearly visible in Fig. 24. This phenomenon implies three shear
waves around the cusps generated by a single anisotropic wave
front interfering with itself. A similar behavior is reported by
Maris (1983) in his study of the effect of ﬁnite phonon wave-
length on phonon focusing. The behavior of longitudinal waves
is shown in Fig. 25, in which colors represent the absolute value
of the divergence of the computed velocity ﬁeld for evolving
time steps. The resulting wave front, shown in Fig. 25, is charac-
terized by a more regular contour with maxima oriented along
the 45 directions that characterize the lattice vectors of the
considered assembly. Results are also in good agreement with
the group velocity pattern of the longitudinal wave mode pre-
dicted by the proposed unit cell analysis shown in Fig. 12b.
Fig. 24. Rotor of the computed velocity ﬁeld for evolving time steps.
Fig. 25. Divergence of the computed velocity ﬁeld for evolving time steps.
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This paper shows the possibility of obtaining strongly direc-
tional wave propagation through periodic conﬁgurations of two-
dimensional lattices. In the long wavelength regime, the system
is characterized by effective anisotropic properties whereby stress
waves are focused along preferential directions dictated by the lat-
tice’s skewness and void volume fraction. A compact representa-
tion of the lattice’s directional wave behavior is provided in
terms of iso-frequency contours of the dispersion surfaces and po-
lar plots of wave velocities. Parametric studies are conducted on a
representative unit cell of the system in order to correlate the
resulting anisotropy and wave directionality to the lattice’s topol-
ogy. Results indicate that the directions of wave steering can be
signiﬁcantly altered by means of the stretching parameter of theunit cell, while the void volume fraction allows to seamlessly tran-
sition between conﬁgurations with different degrees of anisotropy.
Such information is conveniently summarized by the proposed
anisotropy index that provides a valuable tool for identifying sys-
tems with interesting wave behaviors. Of particular interest is
the possibility of designing lattice conﬁgurations with extremely
different wave behaviors. For instance, we identiﬁed a system
which features an almost isotropic behavior (AI = 0) for the shear
mode, while exhibiting a relevant degree of anisotropy for the lon-
gitudinal mode. The interpretation of periodic lattices as effective
anisotropic media is further supported by means of homogeniza-
tion techniques that allow describing the lattice’s behavior in
terms of equivalent material properties. Transient simulations
involving harmonic excitations and impulsive loads are used to
illustrate the effects of the resulting anisotropy on periodic
1414 F. Casadei, J.J. Rimoli / International Journal of Solids and Structures 50 (2013) 1402–1414assemblies of ﬁnite size. Results conﬁrm the predictions based on
the unit cell analysis and show signiﬁcant wave directionality
especially for very slender conﬁgurations.Acknowledgement
The authors would like to acknowledge Professor Massimo Ruz-
zene for his valuable comments.References
Achenbach, J.D., 1984. Wave Propagation in Elastic Solids. Elsevier, New York.
Amirkhizi, A.V., Tehranian, A., Nasser, S.N., 2010. Stress-wave energy management
through material anisotropy. Wave Motion 47 (8), 519–536.
Bloch, F., 1928. Über die Quantenmechanik der Elektronen in Kristallgittern. Z. Phys
52, 555–600.
Brillouin, L., 1946. Wave Propagation in Periodic Structures Electric Filters and
Crystal Lattices. Dover Publications Inc., New York.
Christensen, R.M., 1986. Mechanics of low density materials. J. Mech. Phys. Solids 34
(6), 563–578.
Cook, R.D., Malkus, D.S., Plesha, M.E., Witt, R.J., 2002. Concepts and Applications of
Finite Element Analysis, fourth ed. Wiley, New York.
Evans, K.E., 1991. Design of doubly curved sandwich panels with honeycomb cores.
Comput. Struct. 17 (2), 95–111.
Gibson, L.J., Ashby, M.F., 1997. Cellular Solids: Structure and Properties, second ed.
Cambridge University Press, Cambridge.
Gonella, S., Ruzzene, M., 2008a. Analysis of in-plane wave propagation in hexagonal
and re-entrant lattices. J. Sound Vib. 312 (1–2), 125–139.
Gonella, S., Ruzzene, M., 2008b. Homogenization and equivalent in-plane properties
of two-dimensional periodic lattices. Int. J. Solids Struct. 45, 2897–2915.Kumar, R.S., McDowell, D.L., 2004. Generalized continuummodeling of 2-D periodic
cellular solids. Int. J. Solids Struct. 41, 7399–7422.
Le, C., Bruns, T.E., Tortorelli, D.A., 2012. Material microstructure optimization for
linear elasto-dynamic energy wave management. J. Mech. Phys. Solids 60, 351–
378.
Maris, H.J., 1971. Enhancement of heat pulses in crystals due to elastic anisotropy. J.
Acoust. Soc. Am. 50, 812.
Maris, H.J., 1983. Effect of ﬁnite phonon wavelength on phonon focusing. Phys. Rev.
B 28 (12), 7033–7037.
Marsden J.E., Hughes T.J.R., 1994. Mathematical Foundations of Elasticity, Dover
Publications.
Newmark, N.M., 1959. A method of computation for structural dynamics. J. Eng.
Mech. ASCE 85 (EM3), 67–94.
Nolde, E., Craster, R.V., Kaplunov, J., 2011. High frequency homogenization for
structural mechanics. J. Mech. Phys. Solids 59 (3), 651–671.
Phani, A.S., Woodhouse, J., Fleck, N.A., 2006. Wave propagation in two-dimensional
periodic lattices. J. Acoust. Soc. Am. 119 (4), 1995–2005.
Ruzzene, M., Scarpa, F., Soranna, F., 2003. Wave beaming effects in two-dimensional
cellular structures. Smart Mater. Struct. 12, 363.
Scarpa, F., Tomlinson, G., 2000. Theoretical characteristics of the vibration of
sandwich plates with in-plane negative Poisson’s ratio values. J. Sound Vib. 230
(1), 45–67.
Spadoni, A., Ruzzene, M., Gonella, S., Scarpa, F., 2009. Phononic properties of
hexagonal chiral lattices. Wave Motion 46, 435–450.
Spadoni, A., Ruzzene, M., 2012. Elasto-static micropolar behavior of a chiral auxetic
lattice. J. Mech. Phys. Solids 60 (1), 156–171.
Taylor, B., Maris, H.J., Elbaum, C., 1969. Phonon focusing in solids. Phys. Rev. Lett. 23,
416.
Taylor, B., Maris, H.J., Elbaum, C., 1971. Focusing of phonons in crystalline solids due
to elastic anisotropy. Phys. Rev. B 3, 1462.
Wigner, E., Seitz, F., 1933. On the constitution of metallic sodium. Phys. Rev. 43,
804–810.
Wolfe, J.P., 1998. Imaging Phonons: Acoustic Wave Propagation in Solids.
Cambridge University Press.
